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1.  IWOOMtflCW 

Many  schcMa  hav*  baan  davalopad  to  transfora  discrata  aataorological  var- 
tical  profila  data  into  continuous  foras.  Tha  roots  of  proftla  analysis 
apparantiy  ara  buriad  in  tha  pasti  a  cooiprahanaiva  litaratura  saarch  failad 
to  produco  any  docuaantat ion  partalning  to  tha  ori^ina  or  a  postulata  to 
aarva  as  a  basis  for  data  analyais.  Although  thasa  *a  priori'  tachniquas 
work  wall,  problaas  with  fitting  highly  nonlinaar  aquations  such  as  siailar- 
ity  foraulations  to  discrata  valuas  of  wind,  taaparaturo,  and  spacific 
humidity  in  tha  surtaca  boundary  layar  asiat,  ainca  tha  data  daviatas  from 
tha  asKioth  thaoratl~al  profilaa  dua  to  natural  fluctuations  and  instruaant 
arrors.  As  a  first  stap,  sinca  tha  data  ara  discrata,  siicroawtaorologists 
havs  suqgastad  that  tha  aaasuring  davicas  ba  spacad  asponant ial ly  (for 
instanca,  1/4,  1/2,  1,  2,  4,  and  A  m  aboaa  tha  surfaca).  A  sacond  approach 
IB  to  plot  tha  data  at  tha  haights  tdiara  thay  wara  naasurad,  and  fit  a  SMOoth 
curva  by  aya  through  thasa  data  points,  and  than  pick  off  valuas  at  tha 
gaomatric  maan  haights.  Thasa  data  ara  than  usad  to  calculata  valuas  of  tha 
unknown  constants  and  variablas  inharant  in  tha  prof i la  formulations.  Of  tha 
mathods  availabla,  wa  hava  salactad  a  tachniqua  uaad  by  ona  of  tha  authors 
hasad  upon  information  from  Panofsky  (1943)  and  Busingar  at  al.  (1971)  (which 
has  workad  rathar  succassf ul ly )  illustrating  tha  tr  iad-and-trua  approach. 
Than  wa  prasant  a  mat  hod  wa  hava  davalopad  that  is  basad  on  tha  awan  valua 
thaoram  of  calculus. 

2.  PMoriLB  mooraiHo  TBcangois 

Hypothaaaa  concarnad  with  tha  structura  of  turbulanca  in  tha  surfaca  boundary 
layar  of  tha  atmosphara  ganarally  follow  tha  cantral  limit  thaoram — tha 
fundamental  fraquancy  distribution  of  statistical  analyais.  This  would 
intuitivaly  imply  that  tha  maan  flow  is  stationary  and  homoganaous.  In 
actuality,  ovar  short-tima  intarvals,  tha  atmosphara  sMy  ba  assumed  station¬ 
ary,  but  not  homoganaous.  Allison's  (19S7)  infinite  rough  plana  does  not 
esist  as  a  real  surfaca.  Tha  surfaca  of  tha  earth  consists  of  roughness 
elements  that  vary  with  height  and,  at  bast,  are  randomly  distributed.  Those 
protuberances,  whan  coupled  with  vertical  sensible  heat  flusas,  have  a  pro¬ 
found  effect  upon  tha  mean  flow.  The  mechanical  and  convective  production  of 
turbulence  generates  a  state  of  fluid  flow  where  the  instantaneous  eddy 
velocities  exhibit  apparantiy  random  fluctuations.  Thus,  in  practice  only 
statistical  properties  can  ba  recognized  and  ultimately  analysed. 

Micrometaorological  data  collected  on  a  tower  or  SMSt  over  some  finite  sam¬ 
pling  time  must  be  smoothed  as  a  preanalysis  operation.  Means  and  standard 
deviations  for  each  measured  entity  are  formed  at  each  meaaurement  height 
above  tha  surfaca.  Plotting  the  temporally  averaged  data  as  a  function  of 
height  and  smoothing  by  eye,  aa  illuatrated  in  figure  1,  reveal  that  the 
averaged  data  exhibit  a  root-mean-aquare  error  (rase)  distribution  about  the 
simulated  vertical  profile  curves.  The  rase  can  be  attributed  to  variable 
upwind  fetches,  a  random  distribution  of  roughness  elements,  a  nonuniform 
vertical  flux  of  sensible  heat,  and  Induced  vertical  sntions. 

This  arbitrary  empirical  smoothing  technique  can  be  improved  by  considering 
that  tha  vertical  profiles  in  the  surface  boundary  layer  are  measured  in  an 
environment  where  the  data  ara  limited  at  one  end  of  the  range  and  unlimited 
at  the  other.  Also,  the  data  tend  to  show  a  constant  rata  of  change  from  one 
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halQht  v«l«M  to  tho  noiit.  THom  oro  tho  ehoroetorlotleo  of  voluoo  that  fen 
a  gaeatatric  prograaaien.  that  la.  felloa  tha  aapaoMtial  law 


a  •  a  r 


(II 


tfhara  i  la  hal^ht  abewa  tho  aarfaeo.  a  and  r  aro  eooatanta,  and  b  la  «arl> 
abla.  tqwatlon  (1)  la  uaaallir  rafornd  to  ao  tba  law  of  natural  Qrowth.  for 
olcroawtaoreloglcal  data,  Intornatlenal  agraaoant  roqulna  that  oaaouroawnta 
bo  aaido  at  halghta  baaod  upon  tha  proynaalon  llatad  In  table  1. 


T  ‘C 


Figure  1.  Fitted  prof Ilea  to  taoporally  ooanod  oxporlaantal  data 
at  obaarvatlonal  hoi^ta. 


b  -2  -1  0  1  2  3  4  6... 

X  (m)  0.3%  O.S  1  3  4  8  16  J2  64  .  .  . 


U«in<]  vuch  •  •cH«m  for  observing  profll*  d«t6  ultlai«t*ly  •iapltfl**  th« 
owinq  to  th«  f«ct  that  the  iaipllad  vartical  qradianta  through  a 
layar  froai  x^  to  ara  alwaya  tangant  to  tha  profila  at  tha  gaoaatrlc  aaan 

haight  x  •  (x  x 
g  1  2 

Huaingar  at  al.  (1971)  found  that  In  tharaally  atratiftad  unatabla  flow 
conditiona,  a  di  f  farant  iatad  aacond-ordar  polynoaial  in  In(x)  providad  an 
axcallant  fit  to  tha  raw  data,  for  a  atabla  ragiaa  tha  polynoaial  ex  •  a  * 
bln(x)  waa  uaad.  Thia  procadura  provldas  a  aora  aaactlng  fit  than  tha  aaaii- 
anpirical  tachniqua  of  figura  1. 

At  thia  point,  a  praliminary  analyaia  of  tha  data  aniat  ba  undartakan.  Tha 
profilaa  muat  ba  amoothad  in  tha  vartical  to  aaaura  aquilibriua  with  tha 
local  roughnaaa  and  haat  flua  anvironawnt.  Cradlant  Pichardaon  (1930)  nua- 
bara  ara  calculatad  for  aach  gaoaatrlc  aaan  haight.  Sutton  (1953)  indicataa 
that  tha  gradiant  Richardaon  nuabar  is  givan  by 


i  (av/dx) 

where  g  is  tha  gravitational  accalaration,  ?  tha  potantial  tamparatura,  and  V 
the  mean  horixontal  windapead.  Tha  ovarbar  raprasants  a  tamporal  avaraga. 
Fquation  (3)  may  ba  restated  in  a  mora  uaaful  form  aa 


Ri 


9  (A#  »  OiF) 
»  (AV)^ 


X  Alnx 
9 


(3) 


where  F  ia  tha  dry  adiabatic  iapaa  rata. 

Using  an  approximation  for  tha  haight  darivativa  of  Ri  for  an  unatabla  atmo- 
sphera,  aa  Impliad  by  Lattau  (1957), 


1  S(Ri)* 

^  2(177 


i  -  I,  2,  3,  .  .  . 


(4) 
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•  valu*  of  th«  Obukhov  (194*)  •Colins  iMi^h  L  !•  obtalnod  for  th«  obMrvod 
profil*  conditions  for  unstsbis  flow,  if  ths  prMiss  that  ths  Honin  and 
Obukhov  (19S4)  scalin9  ratio  t/L  is  squal  to  Hi  is  accoptsd. 

It  follows  than  that  ths  surfacs  friction  vslocity.  u*,  takva  ths  fona 


whsrs  4^ 


(> 


(5) 


and  that  ths  tsnpsraturs  scaling  paraastsr,  T*,  can  bs  calculatsd  by 


T 


whsrs 


(*) 


In  a  atabis  rsgiias  this  is  not  ths  cass.  Invsstigations  by  Wsbb  (  1970),  Oka 
(1970),  and  Hicks  (  1976)  suggsst  that  in  stabls  flow  ths  profilss  ars  log- 
linsar.  Hanssn  (1977)  found  that 


r 

L 


(7) 


and 


d  •  (1  ♦  15  Hi) 

Ql 


(8) 


Again,  valuea  of  Ri  at  sach  gsomstric  naan  hsight  ars  calculatsd  and  ths 
Honln-Obukhov  scaling  ratio  dstsrminsd  front 


?  -  Ri(l  ♦  15  Ri) 


(9) 


Ths  rsprassntativs  valuss  of 
equation  (9)  and  ths  Obukhov 


x/L  for  such 
length  front 


s  ars  than 
9 


calculatsd  by 


using 


-1  _  £1«/L)x 

E(«^) 


(10) 


If  ths  Obukhov  length  L  or  the  scaling  ratio  x/L  are  readily  available  and 
the  gradient  Richardson  numbers  are  desired,  then 
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m  - 


0.0333 


1  -  (X  *  60)|- 


X/2 


(IXt 


by  Suth*rl«nd,  Kansan,  and  Sach  (X486). 

Rouqhnaaa  and  albado  diacont inuit iaa  in  tha  upwind  diraction  will  appaar  in 
t  ha  analysis  through  a  ralationship  with  horitontal  advactton.  Thaaa 
hataroqanaous  af facta  stay  ba  datactad  uainq  an  approach  auQqaatad  by  Panofaky 

(  1963  ).  If  In  X  «  #  (Z/i.)  is  plottad  aa  a  (unction  of  v,  I,  than  k/u*  or 
k/T*  will  ba  tha  prof i la  alopa  and  In  or  tha  intarcapt. 

hdvaction  affacta  upon  profilaa  ara  llluatratad  in  figura  2.  Tha  plottad 
wind  data  1 ia  upon  tha  thaoratical  proflXa  whila  tha  taaparaturas  in  tha 
uppar  portion  divarga  towards  wanaar  valuaa  indicating  horitontal  advaction 
of  hast.  If  advactiva  affacta  ara  not  racognitad  aarly  on  in  tha  analyaaa  of 
prof  i  la  data,  arronaoua  conclusions  ara  aasily  forswd,  and  tha  valuaa  of  tha 
diabatic  constants  and  varlablas  aK>ra  aasily  aisintarpratad . 


Figure  2.  Normalized  wind  and  tsmparature  profiles  illustrating  advac¬ 
tion  of  haat  above  1  m  in  tha  surface  boundary  layer. 
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w«  •uroiis*  that  th«  9#o«»tric  progrMclon  approach  for  aatahl  iahtng  »artical 
qradianta  had  ita  origina  in  tha  mmM  valua  thaoran  of  calculus.  This 
infaranca  aill  ba  aaplorad  in  aaction  3. 

3.  aar—iJi/Twnai  <ari  wnmira 

Baaad  upon  tha  Obukhov  (1946)  thaory  and  tha  aaan  valua  thaoraa,  this 
approach  first  asauaaa  that  tha  wind,  potantial  taaparatura.  and  spacific 
huaidity  vartical  prof  i las  ara  raprasantabla  by  daaip  siailarity  foraa,  tha 
gradlants  of  which  ara  givan  balow  for  unatabla  conditiona.* 


ay 

is 


1/4 


df 

St 


-1/2 


St 


whera 

V  «  windspaed 

z  -  height 

u*  '  friction  valoclty 

k  •  Karman's  constant 

2 

L  «  Obukhov  langth  ■  -  u*  T^/kg#* 

9  >  potantial  tsaiparaturs  of  BK>ist  air 

$•  •  potantial  taaparatura  scaling  langth 

g  •  accalaration  dua  to  gravity 
••  rafaranca  laval  taaparatura 

2  • 

-  aoistura  modifiad  Obukhov  langth  >  -  u*  T^^/kg#^ 


(  12) 


(13) 


(14) 


*The  nautral  and  atabla  casas  ara  traatad  in  appandix  A. 
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virtual  t««p*r«tor« 


T 


•  T^<1  ♦  0.61  q^) 


.  !•  *  O.fel  t  q* 

V 


lnt«qr*tinq  .qu.tvon.  (12)  through  (14)  yi.ld. 


V(I) 


where 


f  •omo  arbitrary  height 


X 


1/4 


y 


Y 


^1 


1/2 


y 


i. 


(15) 


(16) 


(12) 


(18) 


(19) 


(20) 


Figure  3  illuatrates  a  wind  profile,  «•  formulated  in  equation 
3  .ho..  Ihi.  c.r..  i.  .  r..ll..ti<.n  o<  .  .trlctl,  .ncr...l^  li 

tunction.l  to™.  If  w  ptop.rly  thtM  point,  on 


"I 
A)  . 


<  z 


r 

Given 


2' 


1,  11  we  i/rwipwfcij  — -  . - 

we  can  apply  the  mean  value  theorem  of  calculus  (see  appendix 


a  pair  of  points  Zj  and 


the  mean  value  theorem  asserts  there  is 


a  point  z 


<  t  <  *„  such  that  the  chord  connecting  these  points  is 

Figure  3  also  shows  this  relationship. 


r-  ‘I  ■  “r  ■  2 

parallel  to  the  tangent  line  at  z 
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rrc»>  •qu«tion  (12)  th«  at  Lm 


*  1 

.iV 

u* 

1  ;l  / 

r  kM 

r 

iheorem  we  can 

write 

1/4 


(?1) 


V(.j)  V(.J» 


"2  *1 


r 


(22  ) 


Figure  3.  liluetretive  wind  profile  ee  formulated  in  equation  (15). 
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from  •quation  (15)  can  wrxta 


Combininq  aquat lona  (21),  (32), 


and  (33)  w*  obtain 


(33) 


(34) 


Using  aquation  (24)  wa  can  aolva  for  for  apaciflad  valuas  of  and 

ant]  an  estimate  (first  approximation)  of  L. 


lining  f* ,  wa  can  write  an  equation  similar  to  aquation  (24)  to  solve  for 
that  18, 


(25) 


Now  we  make  use  of  maaaurad  data,  and,  aa  auqqaatad  In  section  2,  we  draw  a 
emooth  curve  through  these  maaaurad  data  points.  Having  determined  (or 

specified  heights  and  ,  wa  can  evaluate  j  uemg  equation  (20). 

.suttot  1 1  ut  mg  ttiia  value  into  equation  (21),  we  compute  u*.  that  is, 


u* 


ki 


V(z^) 


V(*j) 


(26a) 


In  a  similar  fashion  we  compute  T*, 


T« 


kz 


TiXj) 


r« 


T(tj) 


(26b) 
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Not*  that  for  nodarataly  unatatx*  cnntiitlons  Having  coaiput»d  u*  and 

f*  for  a  firat  appro*  xauit  ion  for  L,  «m  than  coaput*  a  aacond  appro*  laat  ion 
for  L  uaing 


L 


o«^T 


kg0> 


121) 


Tha  procadura  for  coaputrng  u>  and  #*  outiinad  abova  la  rapaatad  oaing  tha  1- 
valuaa  froa  aquation  (37)  giving  a  aacond  appro* laat i on  for  u*  and  #•,  which 
ara  than  uaad  to  obtain  a  third  approaiaMition  for  L.  Thia  procaaa  la  con- 
tinuad  until  u*,  #*,  and  L  convarga. 

Having  valuaa  for  u*.  #*.  and  L,  wa  than  approalaata  q*  aaking  uaa  of  aqua- 

t lona  ( 14 )  and  (17). 


Note,  htiwaver,  that  aquat  lona  (14)  and  (17)  raquira  inataad  of  Wa  nc-^va 

in  tha  diraction  of  l.^  by  avaluating 


L 


V 


u*^T 


(28) 


where 


/*  -  f*  t  0.62  9^  q» 


(29) 


Henca,  avan  though  tha  firat  appro* isat ion  for  q*  ia  baaad  on  L,  tha  aacond 
approximation  ia  baaad  on  L  .  Thia  procaaa  ia  continuad  until  q*  and  1.^ 
convarga . 

The  overall  procadura  abova  ia  rapaatad  for  aavaral  paira  of  valuaa  of  z^,  z., 
giving  aeta  of  eatimataa  of  u*,  9*.  q*,  L,  and  Bach  aat  of  theaa  valued 

ia  avaragad  giving  u*,  #*,  q* ,  L.  and  L  .  Thasa  avaraga  valuaa  are  than  uaad 
in  aquationa  (IS)  through  (17)  to  coaipwta  vartical  profilaa  of  v.  9,  and  q. 


An  approach  that  wa  hava  uaad  auccaasfully  for  rafining  thaaa  valuaa  ia  to 
genarata  profila  valuaa  uaing  tha  avaraga  valuaa  of  u*,  9* ,  q* ,  L,  and  L  ■ 
Thaaa  valuaa  ara  than  avaragad  with  tha  original  aaK>othad  data  valuaa,  and 
thaaa  avaragad  valuaa  ara  uaad  in  tha  aolution  procadura.  This  procaaa  ia 
rapaatad  until  profila  convarganea  la  attaint.  This  procaaa  assuras  that 
tha  final  profilaa  ara  of  tha  siailarity  fona.  Thia  rafinaaant  is  not  con- 
sidarad  in  tha  study. 
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4.  CRLCOUkriOB 


Thtt  traditional  method  preeentmd  In  Motion  2  pmeuM*  th«t  mither  M*sur«- 
■enta  of  wind  and  tMpmratura  or  nmoothed  valuaa  ara  available  at  heiQhta 
defined  by  a  geometric  aeriea.  Ha  auch,  the  baalc  data  polnta  repreaent 
diacrete  vertical  profilea. 

The  first  step  in  this  compotat lonal  procedure  produces  a  diacrete  vertical 
potential  temperature  profile  from  the  temperature  values  uaing  the  relation¬ 
ship 


»  -  T  ♦  r* 


(30) 


where  P  is  the  dry  adiabatic  lapse  rate. 


The  second  step  produces  hichardson  nusUiera  for  the  geometr 

that  IS,  z  «  (z  z  of  pairs  of  heights  z  and  z  ,, 

g  11-1  ^  1  1-1 

M  1  /-m  * 


1C  mean  heights, 
using  the  eapres- 


Ri 


9 

T 


<V 


Vi»^  ^ 


(31) 


The  third  step  makes  use  of  the  results  of  the  second  step  to  obtain 
estimates  of  the  Obukhov  length  by  using 


L  ■ 


(32) 


Note  equation  (30)  requires  that  0  •  y . 

The  fourth  step  yields  estimates  of  u*  and  T*  using  the  relationships 


(33) 


(34) 


IS 


’W 


In  th«  fifth  stAp  on*  con^t**  «v*rft9*  v*lu**  of  L,  u*.  and  T*  for  th*  total 

n 

l«y*r  of  lnt*r**t,  H  >  £  (*1*11)* 

Th*  AT  proc*dur*  *1*0  pr**uM*  that  taaparatur*  and  wind  data  (awaaurod  or 
aaoothad)  ar*  availabl*  at  dlacrat*  halgbta,  but  not  n*c***artly  a*  dafinad 
by  a  9*OMtric  aariaa. 

Th*  firat  and  aacond  atap*  in  th*  AT  procadur*  ar*  th*  aaaM  a*  in  th*  tradi¬ 
tional  proradura,  that  la,  wa  u*a  aquation  (30)  to  coaputa  knowinq  and 

aquation  (31)  to  coaiput*  Ai. 

Th*  third  atap  1*  uaad  to  coaput*  L  knoalnq  A^  ualnq  th*  ralationahip 


,3  .2  t  ,  Bz 

L  TtL  L  ♦  -0  )3S) 

A*  A* 

"l  "l 

inataad  of  aquation  (32).  For  i  •  0  aquation  (33)  raduca*  to  aquation  (32), 

howavar . 

Th*  fourth  atap  yiald*  haiqhta  and  th*  halghta  batwaan  pair*  of  v^, 

and  pair*  of  0  that  aatlafy  th*  aaan  valu*  thaoraa  conatraint*.  Th*  aapraa- 

aion*  that  aatlafy  thaa*  conatraint*  ar*  qlvan  by  aquation*  (34)  and  (3S). 

Unfortunataly ,  thaa*  aapraaalon*  aniat  b*  aoWad  for  t  ^  and  by  itaratlon. 

We  ua*  z  aa  a  firat  approalaation  for  t  and  t  .. 

q  rv  r# 

Th*  fifth  atap  produca*  aatlaataa  of  u*  and  T*  ualnq  aquation*  (26a)  and 
(26b) . 

In  th*  sixth  atap  u*  and  T*  of  atap  S  ar*  uaad  in  aquation  (27)  to  coaput*  a 
naw  aat  Imat*  of  L  if  nacaaaary,  and  th*  abov*  procaaa  la  rapaatad  until  u*, 
T*,  and  L  convarq*. 


S.  KBSIILTS 


To  claarly  illuatrat*  th*  diffarancaa  batwaan  our  aathod  of  datanalninq  s^(v) 

and  >^(#)  and  th*  prof  11*  aanothinq  tachnlqua,  which  aaaua»a  to  b*  aqual 

to  th*  qaoawtrlc  awan  of  and  x^,  w*  haw*  choaan  two  puraly  thaoratlcal 

caa*  atudiaa.  Th*  firat  caa*  conaldar*  tha  nautral  ataoaphar*.  Tha  aacond 
caa*  focuaaa  on  an  ataoaphara  that  la  charaotar land  a*  atronqXy  unatabl*. 
For  aach  caa*  w*  aaalgn  a  rowqhnaaa  langth  (a^)  of  1  oa,  a  rataranc*  halqht 

tamparatur*  of  30  ‘C,  and  aaiact  a^  and  a^  aqual  to  1  and  4  m.  raapaetlvaly. 

In  addition,  both  0  and  7  ar*  aat  aqual  to  IS.  Th*  alaillarlty  aeallnq  and 
Obukhov  lanqtha  choaan  ar*  ahown  in  tabl*  2  aa  wall  aa  our  coa^tad  rafaranea 


h«iqht«.  Hot*  thm  nuaib«r«  in  p«r»nth««««  r»fl*ct  thoM  con#t*nt«  co*put*d  by 
the  traditional  Mthod.  Th«y  ar*  claarly  aqulvalant  to  thoaa  of  tha  »T 
awthod. 

In  flqura  4  wa  praaant  tha  windapaad  proflla  darivad  froa  tha  two  aathoda 
diacuaaad  In  thia  raport  for  tha  nautral  caaa.  riquraa  b  and  6  dapiet  tha 
wind  and  taaparatura  profllaa,  raapactl valy .  for  tha  unatabla  caaa.  Wota 
that  tha  two  aathoda  qlva  aquivalant  rapraaantatlon  of  tha  wind  and  taapara- 
tura  atructura  in  tha  lowar  boundary  layar. 


TMLB  2.  SmiLMUTT 


Wautrai  Caaa 


u* 

•  0.4  a/a 

•r‘"> 

•  2.16 

fli 

T* 

-  0.0 

L  - 

• 

’j« 

-  0.4  o/a 

•2.15 

m 

(u» 

«  0. 198  a/a) 

*r‘** 

-  2.13 

m 

T« 

«  -0.5  *C 

<T* 

•  -0.498  *C| 

L  « 

-24.74  a 

(L 

-  -24.67  a) 

riqura  4.  Windapaad  proflla  in  tita  aurfaea  boundary  layar  for  tha 
nautral  caaa.  (x'a  traca  tha  traditional  approach.) 
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Pigur*  b 


WindspMd  profilaa  in  th«  •urf«c«  boundary  layar  for 
tha  unatabla  caaa.  Traditional  approach  (daahod  lina) 


rigura  6.  Taiaparatur*  profiles  in  tha  surf sea  boundary  layer  for 
the  unstable  case.  Traditional  approach  (daahad  line). 


Not*  th«t  th*  exacting  Man  valu*  th*or*«  of  calculua  can  b*  •xc*li*ntly 
approxiaatcd  by  th*  application  of  a  lognormal .  gaoMtric  progression.  Th* 

differences  in  th*  derived  value*  of  u*,  T*,  L,  V,  and  f  from  both  approaches 
are  not  significant.  This  mean  value  theorem  may  be  interpreted  gaometrl- 
cally,  for  it  states  that  a  tangent  to  a  smooth  curve  is  parallel  to  any 
intermediate  point  on  a  chord  of  the  curve.  Generalisation  leada  to  an 
extended*  aiean  value  theorem. 


No  formal  documentation  of  th*  Mlding  of  geometric  progreaaiona  and  th* 
extended  mean  value  theorem  has  been  discovered;  however,  w*  did  find  that 
th*  law  of  natural  increaa*  had  some  solid  footing  in  mathematics. 


Results  from  the  two  examples  considered  in  this  report  show  that  th*  dif- 
(erencea  In  u*,  T*,  L,  V,  and  #  using  th*  traditional  and  RT  modules  are  not 
significant.  Furthermore,  there  l*  less  labor  required  in  executing  t he 
traditional  model  than  the  RT  stodel  .  This  aspect  xiay  have  been  the  motiva¬ 
tion  (or  the  design  of  t he  traditional  approach. 


However,  it  fi  ^  y ,  then  the  relationship  R  •  s/L  should  be  replaced  by 
equation  (3S)  in  the  traditional  approach.  ^ 


finally,  it  was  gratifying  to  find  that  this  problem  lent  itself  to  such  a 
good  and  reasonable  solution  by  using  th*  atean  value  theorem. 


•Van  Nostrand's  Scientific  tncvcLoamdls.  Seventh  edition,  D.  N.  Considine, 
ed..  Van  Nostrand  Reinhold,  New  York 
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T 

1 


than 


av  V* 

a«  **  ht 


From  aquation  (A-2) 


(*-l) 


(A-2) 


(A-3) 


Dividing  equation  (A-3)  by  (t^  qivaa 


~  *j) 


(A-4) 


From  tha  mean  value  thaoram 


av 

az 


whara  z,  <  z  <  z. 

1  r  2 


(A-S) 


From  equations  (A-1),  (A-4),  and  (A-5) 


V 


z 


2 


^  JUl 

dz  z^  "  k.^ 


(A-6) 


Solving  aquation  (A-6)  for  givaa 
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(A-7) 


Mow  MuppoM*  th*t  •  100  c»  and  •  400  cm, 

then  z  “  216.4042S  ci». 
r 

Mow  consider  the  esse  where  V*  •  20  cw/e  end  •  1  cm, 

V(400)  -  299.57322 

V(IOO)  •  230.25850 


from  equation  (A-5) 


av 

at  tr 


0.231049 


Aosuitiinq  i  '  200  ,  and  using  equation  (A-fc>.  9*t 


V* 


at 


0.231049( .4) (200) 


-  18.484 


So  I  V(IOO)  -  212.805 


dW 

8s 


0.23536 


then 
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On»t*bl«  C*— 


where 


C«f 

Let 

then 


(A-8) 


T 

t 


2 

2 


(h-9) 


L 


v.^ 

r  _ 
kg  T» 


(A-10) 


(A-11) 


(A-12) 


.1*'* 

{ 

I 

;)  • 

y  • 

; 

;) 

(^-13) 

^  m  ^ 

Bz  "  ks 


(A-14) 


V 


V* 

k' 


(K-IS) 
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from  •quAtion  (A-li) 


v» 

V  V  • 

;  1  k 


.  *2  .  “2  *>’ 

in  .  5  L 


(A- 16» 


Dividing  •quACion  (A-16)  by  (t^  -  s^)  glvM 


'^2  '^1  V» 

"2  *1  *  *“*2  ‘l» 


*2  '*2  ' 
In  *  S 

*1  *- 


*1> 


(A-17) 


Frrxn  the  maan  valu*  thaoram 


V  V 

2  1  av 

•  whara  *.  <  i  <  i. 

*2  Sr  r  1  r  2 


(A-IB) 


Fron  aquations  (A-14),  (A~17),  and  (A-1B> 


''2  ''l 

*2 


av 

ar 


V* 

kz 


1  ♦  5 


V* 


k(r. 


*1> 


,  ‘2  ,  <*2 

In  ♦  5 


*1' 


(A-19) 


Solving  equation  (A-19)  implicitly  for  glvas 


z 

-  ‘*2 

‘l>  /  ^  ^  L- 

(•"  ^ 


(A-20) 


1 


2« 


Equation  (B-li  la  illuatratad  in  th«  ftqur*  b«low 


/ 


/ 


/ 


/ 


X 


Fiqur*  B-1.  Illuatration  of  th«  mean  value  thaoram 
for  a  qivan  function  f(x\. 


Tha  thaoratn  aaaarta  that  thara  la  a  point  (p)  at  which  tha  tanqant  f'(0 
parallel  to  tha  chord  A8. 


II 


If  wa  let  f(K)  »  V(*),  than  aquation  (8-li  can  b#  written  aa 
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ATTN:  ATZL-CDB-A  (Nr.  Annett) 

Fort  Leavenworth,  KS  66027-5300 
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Coanander 

US.  Aray  Space  Inatitute 
ATTN  AT7.1  SI  (Ma)  Koepaell) 

Forf  l^aveitwor  t  U  .  KS  6607 /■  S  100 

(-uaa.'iiidr  t 

U  S  Aiav  Space  Iiisrltiite 
ATIN  AT/.l.  Sl  -D 

Fort  l^eavriiwoi  ( li ,  KS  6602/- /lOO 

(»l.  AA  IM./I.YK 

AITN  Mr.  Cliialiola 

IlniiscuB  AKA,  MA  Ol/U  SOOO 

Ul.  AA  n./i.Y 

AITN:  Hi  Robert  A  M.t  '.itcliey 

It.iiiscoa  AKB.  MA  01731 -SOOO 

Raytheon  Cnapany 

Dr.  Charles  M.  Soniiensche In 

Kqulpaent  Division 

S?fi  Boston  Post  Rond 

Sudbury,  HA  01/76 

Mall  Stop  1K9 

I) i  I  »■<■  i or 

U  S  Artsy  Materiel  Systems 
Aii.i  I  ys  1  s  Activity 
AI  TN  AMXSY  MP  (II  Cohen) 

Art;,  MO  7iuos-')(i/i 

CotMn.'i  title  r 

US.  Aiisy  Chemical  Rscli, 

Dev  &  Kitp.r  Center 

ATTN:  SMCCR-OPA  (Ronald  Pennsyle) 

APC.  MD  21010-5423 

Commander 

U.S.  Army  Chemical  Rsch, 

Dev  6  Engr  Center 

ATTN:  SHCCR-TDT  (Hr.  Joseph  Vervier) 
APG,  HD  21010-5423 

Commander 

U.S.  Army  Chemical  Rsch. 

Dev  &  Engr  Center 

ATTN:  SMCCR-MOC  (Mr.  A.  Van  De  W«l) 
APU.  MD  21010  5423 


Director 

U.S.  Aray  Materiel  Systems 
Analysis  Activity 

ATTN:  AHXSY  CC  (Mr.  Fred  Caaqrbell) 
APG,  MD  21005  5071 

Director 

U.S.  Army  Materiel  Systems 
Analysis  Activity 

ATTN  AMXSY  CR  (Robert  N  Hardiettl) 
APG.  MD  21005  5071 

Director 

U.S.  Army  Materiel  Systems 
Analysis  Activity 

ATTN.  AMXSY  CS  (Mr.  Brad  W.  Bradley) 
APG.  HO  21005-5071 

Coasasnde  r 

U.S.  Army  Laboratory  Command 
ATTN.  AHSLC-CC 
2800  Powder  Hill  Road 
Adelphi.  HD  20783-1145 

CosMander 
Headquart  era 

U.S.  Army  Laboratory  Cosssand 
ATTN:  AMSLC-CT 
2800  Powder  Hill  Road 
Adelphi.  MD  20783-1145 

Commander 

Harry  Diamond  Laboratories 
ATTN:  SLCIS-CO 
2800  Powder  Hill  Road 
Adelphi.  MD  20783-1197 

Director 

Harry  Diamond  Laboratories 
ATTN:  SLCHD-RT-AC 
Dr.  Z.C.  Sztankay 
Adelphi.  MD  20783-1197 

Air  Force  Systems  Command/VER 
Andrews  AFB.  HP  20334-S000 

Nstional  Security  Agency 
ATTN:  U21  (Dr.  Longbothum) 

9800  Savage  Road 

Ft  George  C.  Haada,  ND  20755-6000 
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((fflc-rr  In  CharR«* 

Nnval  Stirfaca  W»*n|>onR  Clnilrr 
Uak  l.lbraiy 
Tcibulcal  Library 
Silver  Spring*.  MD  20910  1090 

The  EnviroiiMtntal  Research 
Institute  of  Nt 
ATIN:  iRIA  Library 

P  O .  IU>x  8618 
Ann  Arl»nr ,  Ml  48102  8618 

CntM.IIMh'l 

tl  S  Arisy  Rese/ilrh  Oiflt  r 

AI  IN  DKXRl)  t;S  (1)1  U  A  Flood) 

r  O  hox  I  2.)  I  1 

Ki-si-.u  ell  Tilniwif.ie  Pork.  Ntl  2  / /09 
1)1  li-i  I  y  Davis 

Not  til  Lainllna  Slate  Unlveraily 
DrpartsH'nl  of  Marine,  Earth,  & 
AtsKispheric  ScieiKes 
P  0  Box  8208 
Raleigh,  NC  22650-8208 

Coninander 

If.S.  Arny  Cold  Regions  Research 
6  F.ngl  nee  ring  l,aboratory 
AITN:  CRREL-RC  (Mr.  Robert  Redfield) 
n.inovrr.  Nil  01 755 -  1290 

('oisni.'unlr  r 

11  S  Allay  (aild  Rr|’,lons  Research 
A  Kiif.l  iicei  I  lig  l.'iboi  at  ni  y 
AIIN  lICKL-RD  (Di  K  K  .Si  ei  ret  I) 
ll.inovi  i  .  Nil  Ol/'i'i  l?90 

Comiaand I ng  Ofl  lcei’ 

US.  Army  Armament  R&O  Coaasand 
ATTN.  DROAR-TSS,  Bldg  59 
Dover,  NJ  07801 

U.S.  Araiy  Co—iinicatlons- Electronics 
ComsMind  (Center  for  CW/RSTA 
ATTN:  AMSEL-RO-EW-SP 
Fort  HofSTCuth,  NJ  07703-5303 

Comrsander 

U.S.  Army  Coassunicallons-Electronics 
ComsMnd 

ArrN;  AMSEL-EW-D  (File  Copy) 

Fort  Honmnulh.  NJ  0/703-5303 


Headquarters 

U.S.  Army  ComsMiii cat  ions  Llectrunlt  a 
Crrmmsnd 

ATTN:  AHSEL-EW-HD 

Port  Hotssouth,  NJ  02/0)-5}0) 

Commander 

U.S.  Army  Satellite  Cosse  Agency 

ATTN:  DRCPH-SC-3 

Port  Moissouth,  NJ  02203-5301 

Director 

EW/RSTA  Center 

ATTN  ANSEL- EU  UR 

Fort  Monmouth,  N.)  02 203 -5301 

USACKCOH 

Center  (or  f»/RSTA 
ATTN:  ANSEL- RDEUSP 
Fort  HonsKmth,  NJ  07  201-5301 

6585th  TC  (AFSC) 

ATTN;  RX  (CPT  Stein) 

Holloman  APB,  NM  88330 

Departawnt  of  the  Air  Force 
OL/A  2nd  Weather  Squadron  (MAC) 
Holloman  APB,  NM  BB330-5000 

PL/WE 

Klrtland  APB.  Mi  82118-6008 
Director 

U.S.  Army  TRADOC  Analysis  Cosasand 
ATTN;  ATRC-WSS-R 

Wiilte  Sands  His.sile  Range,  NM  88tK)2 
Roam  Laboratory 

ATTN:  Technical  Library  RiyOOVL 
Grifflsa  APB.  NY  13441-5700 

Department  of  the  Air  Force 
7th  Squadron 
AFO,  NY  09403 

AV8 

USAREUR/AEAWX 
AFO,  NY  09403-5000 
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AK  Ui  If'.lil  A)' I  (•iiittil  i t  >■  I  luilioi  n(  ui  (fK 
Avtoiili's  l^il)ur<il  y 

ATIN  A^VAI./AARl  ( IM  V  OilMrlls) 

Ui  I  j’.lil  ■  I'fll  I  ri  hull  AKB.  <rtl  AV«11 

Coan.i  I  lUr  t 

U  S,  Ar»y  Airllloiy  School 

ATTN  ATSl'F-H)  (Hr  Cull  Ion) 

Fort  Sill.  OR  /ISOJ  S600 

(NlMBOluloilt 

US.  Ai«y  Field  Artlllriy  School 
AITN  ATSF  TSH  TA 
Ml  Chill  1  fs  Tn V  1  oi 
Foil  Sill.  OK  /ISnl  '.MK) 

I  'onHB.IIldl'  I 

Niv.il  Ail  ho  v<T  Ml  tcnloi 

Al  IN  Al  S.i  I  I  k  1  <  o.h  ihl  ) 

U.it  !■  I II  i  I  oi  ,  I’A  lM’*/''i 

Coimii.iiiilo  I 

U  S  Ainy  Diiy.wny  (’roving  Ciound 
ATTN  STF.OP  MT  DA  H 
Mr.  Pnul  Carlson 
Oup.way.  UT  8A02? 

(Timnaiido  r 

II  S.  Arnv  Ihiy.way  Proviny,  Cround 
AITN:  STKl)P-MT  DA  1. 

Diif.w.iy,  UT  flA0?2 

( 'oiMn.iitih'  r 

U  S  Aii»y  Diip.w.'iy  Proviny,  (•Touiul 
AIIN  SIKDI’  MT  M  (Mi.  Howors) 
hiiyw  iv.  Ur  B^iO/’/’ -  MHHI 

holoii'.o  rooliiiio.il  I II I  Ml  m.i  I  ion  Coiitor 
AITN:  DTK;  FDAC 
C.iracron  Station 
Alexandria.  VA  2231A 

Commanding  Officer 
U.S.  Army  Foreign  Science  & 
Technology  Center 
ATTN:  CM 
220  7th  Street,  NF. 

Charlottesville,  VA  22901-5396 

Naval  Surface  Weapons  Center 
Coile  C63 

Dnhigreii,  VA  72AA8  -000 


CummaiMlo  I 
U  S  Army  (IFC 
ATTN  CSTK  F.FS 
Paik  Center  IV 
4S01  Ford  Ave 

AlexatHlrla.  VA  22  )02  IASS 

Commander  and  Director 
U.S.  Army  Corps  of  Kngineers 
Engineer  Topographies  Laboratory 
ATTN  F.TI.  t:S  -U) 

Fort  Belvolr,  VA  22U60 

Depart  ment  of  t  lie  Ail  Foioe 
IIQ  *1  Weather  Wing  (NAi!) 

ATTN  WW/DN 

ijiiiglev  AFR.  VA  2)A<.-.  StWO 

CommaiKloi  and  Diieilm 

U  S  Army  Corpn  <>(  Kiigineeis 

Englneei  Topogi  av***l *  l-rhot  atoiy 

ATTN:  CEETl.  ZD 

Fort  Belvolr.  VA  22060-55A6 

Comma  iHier 
Logistics  Center 
ATTN;  ATCL-CF. 

Fort  Lee.  VA  23801  6000 

Comma nde  r 

USATRADOC 

ATTN:  ATCD  FA 

Fort  Monroe.  VA  23651-51/0 

Science  aiHl  Technology 
101  Research  l)i  I  ve 
Hampton,  VA  23666  13A0 

Coasaande  r 

U.S.  Army  Nuclear  &  Cml  Agency 
ATTN:  NONA-ZB  Bldg  2073 
Springfield,  VA  22150-3198 
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